Estimating the size of an elusive target population is of prominent interest in many areas in the life and social sciences. Our aim is to provide an efficient and workable method to estimate the unknown population size, given the frequency distribution of counts of repeated identifications of units of the population of interest. This counting variable is necessarily zero-truncated, since units that have never been identified are not in the sample. We consider several applications: clinical medicine, where interest is in estimating patients with adenomatous polyps which have been overlooked by the diagnostic procedure; drug user studies, where interest is in estimating the number of hidden drug users which are not identified; veterinary surveillance of scrapie in the UK, where interest is in estimating the hidden amount of scrapie; and entomology and microbial ecology, where interest is in estimating the number of unobserved species of organisms. In all these examples, simple models such as the homogenous Poisson are not appropriate since they do not account for present and latent heterogeneity. The Poisson-Gamma (negative binomial) model provides a flexible alternative and often leads to well-fitting models. It has a long history and was recently used in the development of the Chao-Bunge estimator. Here we use a different property of the Poisson-Gamma model: if we consider ratios of neighboring PoissonGamma probabilities, then these are linearly related to the counts of repeated identifications. Also, ratios have the useful property that they are identical for truncated and untruncated distributions. In this paper we propose a weighted logarithmic regression model to estimate the zero frequency counts, assuming a Gamma-Poisson distribution Received November 2009; revised October 2010. 1 Supported by Sapienza University of Rome, grant "Mixed Effect Models for Heterogeneous Data Modeling."
1. Introduction. The size N of an elusive population must often be determined. Elusive populations occur, for example, in public health and medicine, agriculture and veterinary science, software engineering, illegal behavior research, in the ecological sciences and in many other fields [Bishop, Fienberg and Holland (1995) , Bunge and Fitzpatrick (1993) , Chao et al. (2001) , Hay and Smit (2003) , Pledger (2000 Pledger ( , 2005 , Roberts and Brewer (2006) , Wilson and Collins (1992) ]. A prominent problem in public health is the completeness of a disease registry [Van Hest et al. (2008) ], while an interesting application of capture-recapture techniques in the veterinary sciences is the estimation of hidden scrapie in Great Britain [Böhning and Del Rio Vilas (2008) ]. In software engineering [Wohlin, Runeson, and Brantestam (1995) ] we are interested in finding the number of errors hidden in software components. In criminology the number of people with illegal behavior is of high interest [Van der Heijden, Cruyff, and Houwelingen (2003) ], and in ecology we wish to estimate the number of rare species of organisms [Chao et al. (2001) ]. All of these situations fall under the following setting. We assume that there are N units in the population, which is closed (no birth, death or migration), and that there is an endogenous mechanism such as a register, a diagnostic device, a set of reviewers, or a trapping system, which identifies n distinct units from the population. A given unit may be identified exactly once, or it may be observed twice, three times, or more. We denote the number of units observed i times by f i , so that n = f 1 + f 2 + f 3 + · · ·; the number of unobserved or missing units is f 0 , so N = f 0 + n. The objective is to find an estimate (or rather a prediction)f 0 for f 0 , and hence an estimateN of N .
To illustrate, we first introduce several examples from different domains; these are analyzed in the following sections:
1. Methamphetamine use in Thailand. Surveillance data on drug abuse are available for 61 health treatment centers in the Bangkok metropolitan region from the Office of the Narcotics Control Board (ONCB). Using this data, it was possible to reconstruct the counts of treatment episodes for each patient in the last quarter of 2001. Table 1 presents the number of methamphetamine users for each count of treatment episodes [Böhning et al. (2004) ]; the maximum observed frequency was 10. Here we are interested in estimating the number of hidden methamphetamine users. 2. Screening for colorectal polyps. In 1990, the Arizona Cancer Center initiated a multicenter trial to determine whether wheat bran fiber can prevent the recurrence of colorectal adenomatous polyps [Alberts et al. (2000) , Hsu (2007) ]. Subjects with previous history of colorectal adenomatous polyps were recruited and randomly assigned to one of two treatment groups, low fiber and high fiber. The researchers noted that adenomatous polyp data are often subject to unobservable measurement error due to misclassification at colonoscopy. It can be assumed that patients with a positive polyp count were diagnosed correctly, whereas it is unclear how many persons with zero-count of polyps were falsenegatively diagnosed. Thus, we approach the data as if zero-counts were not observed, and we try to estimate the undercount from the nonzero frequencies. Table 2 shows the polyp frequency data for the two different treatment groups; the (overall) maximum frequency is 77. The number of subjects with an observed number of adenomas equal to 0 is 285 for the Low Fiber treatment and 381 for High Fiber treatment respectively; we regard this as an undercount and seek to estimate the true unobserved frequencies f 0 . [Fisher, Corbet and Williams (1943) ]. There were 9031 individual butterflies classified to n = 620 species. Out of these 620 different species, 118 were observed exactly once, 74 twice, 44 three times and so forth. This "abundance" data is shown in Table 4 . Fisher, Corbet and Williams (1943) reported exact counts only up to f 24 , stating that there were a total of 119 species with sample abundances (counts) greater than 24. Here the interest is in estimating the total number of species N . 5. Microbial diversity in the Gotland Deep. The data on microbial diversity shown in Table 5 stem from a recent work by Stock et al. (2009) . Microbial ecologists are interested in estimating the number of species N in particular environments. Unlike butterflies, microbial species membership is not clear from visual inspection, so individuals are defined to be members of the same species (or more general taxonomic group) if their DNA sequences (derived from a certain gene) are identical up to some given percentage, 95% in this case. Here the study concerned protistan diversity in the Gotland Deep, a basin in the central Baltic Sea. The sample was collected in May 2005. The maximum observed frequency was 53. f1  f2  f3  f4  f5  f6  f7  f8  f9  f10 f11 f12   118  74  44  24  29  22  20  19  20  15  12  14 f13 f14 f15 f16 f17 f18 f19 f20 f21 f22 f23 f24 f>24 n 6 12 6 9 9 6 10 10 11 5 3 3 119 620 The classical approach to estimation of N is to assume that each population unit enters the sample independently with probability p (dealing with heterogeneous capture probabilities by modeling and averaging). Given p, the unbiased Horvitz-Thompson estimator of N is n/p, and the maximum likelihood estimator is its integer part ⌊n/p⌋. One then estimates p using any of several methods, and the final estimate of N is n/p or ⌊n/p⌋ [Lindsay and Roeder (1987) , , Böhning and van der Heijden (2009), Wilson and Collins (1992) , Bunge and Barger (2008) , Chao (1987 Chao ( , 1989 , Zelterman (1988) ].
Here we take a new approach: we consider ratios of successive frequency counts, namely,r
Oftenr(x) appears as a roughly linear function of x, which leads us to apply linear regression to the scatterplot of (x,r(x)); we then project the regression function downward to the left, to zero, which yieldsf 0 and henceN . Figure 1 shows the ratio plot of (x,r(x)) for the methamphetamine data; there is clear evidence for a linear trend. Projecting the line to the left, we obtain f 0 = 57,788 and, hence,N = 61,133. Figure 2 shows the ratio plot for the butterfly data; again there is a clear linear trend and here we also observe increasing variance in the points as x increases, which we will deal with via weighted least squares. In this case we findf 0 = 126 andN = 746.
This simple and powerful method applies exactly when the frequency counts emanate from the Katz family of distributions, namely, the binomial, Poisson and gamma-mixed Poisson or negative binomial, and it applies approximately to extensions of the Katz family and to general Poisson mixtures. It can be implemented using any statistical software package that performs weighted least squares regression, and it is superior to existing methods for the negative binomial model (including maximum likelihood) in several ways. In addition, it substantially mitigates the effect of truncating large counts (recaptures or replicates), which is an issue with almost every existing method, parametric or nonparametric. In Section 2 we discuss the method and its scope of applicability; in Section 3 we describe weighting schemes; in Section 4 we look at goodness of fit of the linear model; and in Section 5 we compare our method with existing techniques, analyze the five data sets, and discuss the implications of our findings. The Appendix covers aspects of the approximation used for reaching the linear model as well as a comparative simulation study, a discussion of standard error approximations, and an assessment of the effect of deleting large "outlying" frequencies. 2. Linear regression and the Katz distributions. Let p 0 , p 1 , p 2 , . . . denote a probability distribution on the nonnegative integers. The condition
where γ and δ are real constants, characterizes the Katz family of distributions [Johnson, Kemp and Kotz (2005) ]. To yield a valid probability distribution, it is necessary that γ > 0 and δ < 1. If δ < 0, p x is the binomial distribution; if δ = 0, p x is the Poisson; and if δ ∈ (0, 1), p x is the negative binomial. These distributions arise naturally as models for population size estimation.
• Suppose that a given population unit may be observed on each of k "trapping occasions." Assume further that the trapping or capture probability, say, r, is the same on each occasion and that captures are independent across occasions, and also that the capture probability is the same (homogeneous) for all units, and that units are captured independently of each other. If m i denotes the number of captures of the ith unit, then m 1 , . . . , m N are i.i.d. binomial (k, r) random variables. This simple model is rarely realistic, but it can provide a lower bound for the population size, since the homogeneity assumption leads to downwardly biased estimation in the presence of heterogeneity. This is formally proved in for maximum likelihood estimation. In this case the frequency count data f 1 , f 2 , . . . summarizes the nonzero values of m 1 , . . . , m N .
• Now suppose that population unit i appears a random number of times m i in the sample, but now m 1 , . . . , m N are i.i.d. Poisson random variables with (homogeneous) mean λ. This model arises naturally in species abundance sampling where each species contributes some number of representatives to the sample; it also appears as an approximation to the binomial model with λ ≈ kr, for large k and small r. Again the homogeneity makes this model mainly useful for lower-bound benchmarking.
• Assume now that the foregoing Poisson model holds, but with the modification that the mean number of appearances of unit i is λ i , and that λ 1 , . . . , λ N are i.i.d. gamma-distributed random variables. Then the distribution of m i is (unconditionally) gamma-mixed Poisson, that is, negative binomial. This is not the simplest possible model with heterogeneous capture rates, but it may be the oldest, appearing in Fisher, Corbet and Williams (1943) , the source of our butterfly data. (Note that it includes the geometric, since the exponential is a special case of the gamma.) The negative binomial distribution is widely applicable as a model for the frequency counts, when the data is not too highly skewed (left or right); however, it is surprisingly difficult to fit by, for example, maximum likelihood, or by other existing procedures such as the Chao-Bunge estimator (see discussion below). We show below that, when implemented by our weighted least squares regression procedure, the negative binomial model becomes practical and useful for estimating N in a variety of situations.
We make two further comments on distribution theory. First, it may be readily shown using the Cauchy-Schwarz inequality that the ratio on the left-hand side of (2.1) is nondecreasing for any mixed-Poisson distribution. This means that the linear relation, and hence our weighted linear regression procedure below, can be regarded as a first-order linear approximation for any Poisson mixture (not just gamma), thus justifying a degree of robustness of our method across a wide range of heterogeneity models. Second, there are extended versions of relation (2.1) which give rise to distributional extensions of the Katz family that need not be mixed-Poisson [Johnson, Kemp and Kotz (2005) ]. Such extensions may be parameterized and we conjecture that our method below will be robust to small perturbations along these parameters.
Condition (2.1) suggests linear regression of the left-hand side upon the right, in some form. Observe that the natural estimate of p x would bê
so we can fit a linear regression ofr(x) on x without knowing N . We can then obtain an estimate of f 0 by setting x = 0 so thatr(0) = 1f 1 /f 0 =γ, and, hence,f 0 = f 1 /γ. In practice, however, we prefer to fit the response on a logarithmic scale, which is approximately linear near the origin and avoids negative fitted values. Thus, our basic equation becomes
and we fit the model
We consider this in terms of linear regression in the next section. The estimate of f 0 is thenf 0 = f 1 e −γ .
In particular, consider the gamma-mixed Poisson or negative binomial model for the count data. Let the negative binomial be parameterized as
where k > 0 and p ∈ (0, 1). Similar to other areas such as Poisson regression, we need to apply a suitable transformation to avoid negative values for the ratios which would lead to negative estimates for f 0 . The log-transformation is appropriate, although others are also possible. Transforming both sides, we obtain log{(x + 1)p(x + 1)/p(x)} = log(x + k) + log(1 − p), but now the right-hand side is nonlinear in k. However, taking the first-order Taylor expansion of log(k + x) around k, we achieve
so that we have log(
Note that this approximation is exact for x = 0 (the point where we predict) and good for x = 1 (corresponding to the informative "singleton" frequency count). In the Appendix we discuss this approximation further, as well as alternatives. With reference to model (2.2), we have γ = log(1 − p) + log(k) and δ = 1/k. We focus on this model in the discussion below. Note also that due to the simple structure of the estimatorf 0 = f 1 exp(−γ), we can use conditioning [Böhning (2008) ] in combination with the δ-method to give an approximate expression for the variance off 0 as
where Var(γ) is the variance of the intercept estimator in the regression model. An approximation to the variance ofN =f 0 + n is then [using the same technique and estimating
Standard errors are obtained by plugging in estimates for Var(γ) and taking the (overall) square root. These expressions may be imprecise for small sample sizes (<100) and in such cases the bootstrap might be preferable. We provide a simulation study on this aspect in the Appendix.
3. Heteroscedasticity and weighted least squares. Model (2.2) does not satisfy the classical linear regression assumptions. In the first place, the response is discrete (although log-transformed), so we might consider a generalized linear model such as Poisson or even negative binomial regression. However, this is inadvisable since an appropriate formulation as a generalized linear model leads to an autoregressive equation involving log f x as an additional offset term in the linear predictor. These kinds of models experience difficulties in terms of the definition of the likelihood as well as in carrying out inference. Actually, residuals derived from model (2.2) typically show reasonable conformity with normal probability plots when the linear model fits well (see Section 4 regarding goodness of fit). The issues of dependence and heteroscedasticity are more important, and we address these by using weighted least squares. We take
and m is the maximum frequency used in the estimator (see Section 4 below regarding truncation of large frequencies). To reduce MSE, we wish to take W ≈ (cov(Y)) −1 . To find cov(Y), assume that the distribution of the cell counts f 1 , . . . , f m is multinomial with cell probabilities π = (π 1 , . . . , π m ) T . Then it is well known that f = (f 1 , . . . , f m ) T has covariance matrix Σ = n[Λ(π) − ππ T ], where Λ(π) is a diagonal matrix with elements π on the diagonal, and n = f 1 + · · · + f m . Writing
we see that Σ can be estimated aŝ
An application of the multivariate delta-method then shows that an estimate of cov(Y) is
Note that this requires that only nonzero frequencies be used in the estimate.
The tridiagonal matrix (3.1) has a special structure, and Meurant (1992) gives an analytical formula for its inverse. In addition, a calculation based on the representation in Meurant's Theorem 2.3 indicates that it may be possible to drop the off-diagonal terms in cov(Y) with little loss of numerical precision for our purposes. This corresponds to our intuition that covariances between adjacent log-ratios may not play a large role in reducing MSE. Let
be the diagonal part of (3.1); we then suggest using (3.2) in our weighted regression model. This is computationally simpler, especially when dealing with a high number of recaptures. A small simulation study confirms the precision of this simplification, at least within the domain of the simulation. We computed the bias ofN using the weighted regression model under three scenarios: with weights according to (3.1), according to (3.2) and according to W = I m−1 [the (m − 1)-dimensional identity matrix, i.e., unweighted]. Frequency data were drawn from a negative binomial distribution with parameters p = 0.8 and k = 7, and replicated 1000 times. Table 6 shows results for N = 100 and N = 1000. It is clear that weighting is important in fitting the model: the unweighted regression model leads to potentially heavily biased estimators of the population size, whereas the effect of ignoring the covariance between log(xf x /f x−1 ) and log((x + 1)f x+1 /f x ) is negligible. Finally, we note that weighted least squares can introduce numerical problems, Table 6 The effect of different weight matrices according to (3.1), (3.2) and W = Im−1 for frequency data from the Negative Binomial distribution with parameters k = 7, p = 0.8 especially in sparse-data situations [Björck (1996) , Chapters 4 and 6]; however, our design matrix has only rank 2 and our maximum frequency m is typically not too large, so we have not yet encountered such problems here. This is a topic for future research in this context.
Model assessment and goodness of fit.
The ratio plot shown in Figure 1 is our main graphical tool for looking at goodness of fit of the linear regression model, and having fit the model, the standard diagnostic plots of residuals are also available. We also require a quantitative assessment of overall fit: R 2 could be used based on the response log(x + 1)f x+1 /f x , but in this setting it seems more appropriate to work on the original frequency of counts scale. In addition, we are looking for a measure which allows analysis of residuals. We therefore compare the observed frequencies with the estimated frequencies from the model, using the χ 2 -statistic as a goodness-of-fit measure [Agresti (2002) ]. The estimated frequencies based on the regression model areŷ
where m is the "truncation point" or maximum frequency used in the analysis (we return to this issue below). In general, the estimated ratios of frequencies f x+1 /f x need not uniquely determinef x+1 andf x , but in this case they do sincef 0 = f 1 / exp(γ) = f 1 /( f 1 /f 0 ). This also shows thatf 1 = f 1 , sincef 0 = f 1 / exp(γ) = f 1 / exp(ŷ 0 ), and, hence,f 1 =f 0 exp(ŷ 0 ) = f 1 . Now, withf 1 given the equation 2f 2 /f 1 = 2f 2 /f 1 determinesf 2 uniquely, leading to the recursive relationf x+1 =f x exp(ŷ x )/(x + 1), x = 1, 2, . . . , m − 1. We then define our χ 2 statistic as
and simulations support that this has a χ 2 distribution with m − 2 degrees of freedom if the regression model y x = γ + δx is correct. Note that we have m unconstrained frequencies, since n = m x=1 f x is random, and we lose 2 degrees of freedom due to estimating the intercept and slope parameters. Note also that the estimate of the intercept parameter fixesf 1 = f 1 , so that the degrees of freedom are indeed only reduced by 2. This approach has the benefit of gaining one degree of freedom when compared to a goodness-of-fit measure based solely on the regression model which works with the m − 1 valuesŷ x , x = 1, . . . , m − 1.
This argument is conditional upon fixing the value of m, and, indeed, all known procedures for population size estimation truncate large "outlier" frequencies in some way. To illustrate, we return to the classical maximum likelihood (ML) approach. Bunge and Barger (2008) describe a procedure which fits the desired distribution (here, the negative binomial) to the (nonzero) frequency count data by ML; the estimate of N is then based upon the estimated parameter values of the distribution. Typically, parametric distributions can only be made to fit the data up to some truncation point m, beyond which the fit, as assessed by the classical Pearson χ 2 test, falls off considerably; consequently, only frequencies up to m are used to obtain the estimate of N , and the number of units with frequencies greater than m is added to the estimate ex post facto. Bunge and Barger (2008) propose a goodness-of-fit criterion for selecting m, while the coverage-based nonparametric methods of Chao and co-authors fix m heuristically at 10 [see Chao and Bunge (2002) ]. Our weighted linear regression approach also has the potential for loss of fit as m increases, depending on the realized structure of the data, and again we can fix m prior to the analysis, and collapse all frequencies greater than this threshold to one value. Sensitivity of the various methods to the choice of m is a complex topic [Bunge and Barger (2008) compute all estimates at all possible values of m]; however, our data analyses below show that the weighted linear regression model is considerably less sensitive to m than its chief competitors in the negative binomial case, namely, ML and the Chao-Bunge estimator.
Finally, we note that in the ML approach, if the negative binomial fit is less than ideal (although perhaps still acceptable), numerical maximum likelihood algorithms often do not converge, or converge to the edges of the parameter space, which in turn distorts the apparent fit. The regressionbased method described here offers a more robust approach to parameter estimation, and appears not to be prone to the numerical problems which arise for maximum likelihood estimation under the negative binomial model. In fact, the negative binomial parameter estimates (p,k) derived from the regression model and could be used as starting values for a numerical search for the ML estimates. This is a topic for further research.
5. Alternative estimators, data analyses and discussion.
5.1. Alternative estimators. We first consider certain other options for the negative binomial model.
• Maximum likelihood. This approach is well studied and has a long history [see Bunge and Barger (2008) ], but as noted above, good numerical solutions for the model parameters (p, k) seem to be remarkably difficult to obtain, even using reasonably sophisticated search algorithms with highprecision settings. In our experience we get good numerical convergence only when the frequency data is smooth and fits the negative binomial well, or the right-hand tail is fairly severely truncated. The latter issue causes the additional computational burden of investigating a diversity of truncation points, each involving numerical optimization. Nonetheless, we can obtain ML results for the negative binomial in some cases. The ML estimatorN ML is consistent for N given that the model is correct.
• Chao-Bunge. Let τ denote the probability of observing a unit at least twice, that is, τ = 1 − p 0 − p 1 . Chao and Bunge (2002) developed a nonparametric estimatorτ for τ , and on this basis proposed the estimator
for N . They showed thatN CB is consistent for N under the negative binomial model. However, in applied data analysisτ may be very small or even negative, leading to very large or negative values ofN CB . This is one reason that Chao and Bunge set m = 10 (as noted above). In fact,N CB fails roughly as often asN ML , although not necessarily in the same situations. • Chao. Chao (1987 , 1989 proposed the nonparametric statistiĉ
which is valid as a (nonparametric) lower bound for N ; we compute it here as a benchmark. Note that m ≡ 2.
We are currently investigating the asymptotic behavior of our estimatorN in detail. Here we can make the following observations. First, assume that the upper frequency cutoff m is selected as m = max{j : f i > 0, i = 1, . . . , j}, so that m is a random variable. For the unweighted case, that is, W = I m−1 in Section 3 above, it may be readily shown thatN /N → 1 in probability (Y) ) −1 or a diagonal matrix with positive variances as entries (similar to those discussed in Section 3), then we conjecture that analogous results can be obtained (here W must be a function of m). The convergence question is more complex for a weight matrixŴ that is estimated and perhaps approximated further (as in Section 3), although we believe that a Slutsky-type argument will again yield the desired consistency result. In any case, we note again that from our practical experience a weighted estimator [even with estimated weights using (3.2)] increases the efficiency and reduces the bias of the estimator considerably compared to the unweighted one (cf. Table 6 ).
Data analyses.
We applied the proposed regression method and the alternative procedures to the five data sets discussed above. The results are shown in Table 7 . Here the cutoff m was selected for the weighted linear regression model by taking the first m at which f m > 0 and f m+1 = 0; for the ML procedure m was selected by a goodness-of-fit criterion described in Bunge and Barger (2008) , and m ≡ 10 forN CB andN Ch .
We observe first thatN gives an answer in every case, unlikeN ML andN CB . For the methamphetamine data, although the χ 2 p-value is low, the result appears reasonable, especially with reference to the Chao lower bound. For the polyps-low data,N gives the most precise result, with good fit; for the polyps-high data, the same is true but with less good fit. Despite the goodness-of-fit test in the latter case, though, residuals plots for both polyps data sets indicate reasonable conformity with the linear model, as shown in Figure 3 . For the scrapie data it is interesting to note thatN gives a reasonable result with good fit while bothN ML andN CB fail. For the butterfly data,N is comparable toN CB , with good fit of the linear model, while the ML result is only slightly above the lower bound, with poor fit, indicating difficulty with the ML numerical search. Finally, for the microbial data, bothN ML andN CB fail, whileN <N Ch with poor fit, signaling that the data set is anomalous in some way (in fact, it is highly skewed left). Overall, the weighted linear regression approach shows up well in contrast to its competitors for the negative binomial model. 5.3. Discussion. The main challenge in population-size estimation is arguably heterogeneity, that is, the fact that in real applications the capture probabilities or sampling intensities of the population units are not all equal. The statistician must account for this in some way or risk the severe downward bias of procedures based on the assumption of homogeneity, that is, on "pure" binomial or Poisson models. Since the time of Fisher, Corbet and Williams (1943) , considerable success has been achieved using mixed-Poisson models with various mixture distributions intended to model heterogeneity, including the gamma, lognormal, inverse Gaussian, Pareto, generalized inverse Gaussian and, more recently, finite mixtures of point masses or of exponentials [Bunge and Barger (2008) , Quince, Curtis and Sloan (2008) , ]. But the substantive applications, such as those described in our examples here, typically do not offer a theoretical basis for selection of a mixing distribution, so researchers have had to search ever further afield for flexible and adaptable heterogeneity models. This is partly due to a perception that the "classical" gamma-mixture or negative binomial model is too restrictive and difficult to fit, both statistically and numerically. However, existing mixed-Poisson-based procedures, whether frequentist or Bayesian, are almost all based on the likelihood of the frequency count data. Here we take a completely different perspective based on the Katz relationship (2.1), finding that in many cases the ratio of successive frequency countsr(x) = (x + 1)f x+1 /f x appears as an approximately linear function of x. This relationship holds exactly for the gamma-mixture or negative binomial, and provides an improved method both for fitting that model and for assessing its fit. Furthermore, from the data-analysis perspective, the linear relationship seems to hold across a wide variety of data sets; and from the theoretical perspective, we know that every mixed-Poisson has (at least) monotone increasing Katz ratios, and that the Katz distribution family itself admits extensions in several directions. We therefore believe that this perspective-looking at the data viar(x)-opens up a new method of applying the negative binomial model to data, and that it gives us a view of a new and little-known territory for exploring the robustness and extensions of that model.
APPENDIX: SIMULATION STUDY, STANDARD ERRORS AND DEPENDENCE ON THE TRUNCATION POINT
A.1. Comparative simulation study. We begin with one further extension. The suggested weighted linear regression estimatorN depends on a first-order Taylor approximation which might not be good for larger values of x. One might consider a second-order approximation, but this leads to an estimator with large variance due to the functional relationship of x and x 2 . An alternative linear approximation is possible by developing log(k + x) = log((k − 1) + (x + 1)) linearly around x + 1, leading to the approximation log(x + 1) + (k − 1)/(x + 1) and the regression model
We call this the hyperbolic model (HM). The hyperbolic model is also of very simple structure and prediction is possible since the model is defined for x = 0 leading tof 0 = f 1 / exp(γ ′ +δ ′ ). We denote the estimator based on this model byN HM .
In the following simulation comparison, then, we compareN ,N HM ,N CB andN Ch . We generated counts from a negative binomial distribution with dispersion parameters equal to 1, 2, 4, 6 and 10 and event probability parameter such that the associated mean matches 1. The population sizes to be estimated were N = 100 and N = 1000. For N = 1000 a case with a combination of µ = 0.5, k = 0.5 was included which we have observed as typical values in our data sets (Butterfly and Polyps data). A sample X 1 , . . . , X N of size N was generated from a negative binomial distribution with parameters as described above and the associated frequency distribution f 0 , f 1 , . . . , f m was determined; then f 0 was ignored and f 1 , . . . , f m were used to compute the various estimators. This process was repeated 1000 times and bias, variance and MSE were calculated from the resulting values. The results are shown in Table 8 . Clearly,N performs better thanN HM since the former always has smaller MSE than the latter. In fact, there are only three cases in whichN HM had smaller bias thanN , namely, N = 1000 and k = 1, 2 as well as the combination µ = 0.5, k = 0.5, and the smaller bias here was balanced by the smaller variance ofN . Hence, we do not considerN HM any further. We see in addition thatN andN CB overestimate the true size N = 100, Table 8 RMSE and Bias for estimators based upon the WLRM, the HM, the Chao-Bunge estimator and the lower bound estimator of Chao, N = 100 and N = 1000, k = 1, 2, 4, 6, 10, where k is the dispersion parameter of the negative-binomial with mean µ = 1. whereasN Ch tends to underestimate. We need to point out thatN CB produced many negative values, so its bias and RMSE were evaluated on the basis of the positive values. The bias ofN is smaller than that ofN CB for N = 100, although this reverses for N = 1000, and the bias is of the same size as that ofN Ch for N = 100 and becoming smaller for N = 1000. Also, the RMSE ofN CB is a lot larger than that ofN . The situation changes for N = 1000. In this case both the bias and MSE forN are lower than those fromN Ch for every value k of the dispersion parameter. We notice, however, thatN CB shows a reduced bias, but the RMSE ofN is still smaller. Overall, we find thatN andN CB are behaving somewhat similarly for larger population sizes; however, a major benefit ofN is that it is well defined in the many situations whereN CB fails.
A.2. Standard errors. In Table 9 we compare the standard error calculated from (2.3) with the true standard error. This was done by taking 10,000 replications ofN , say,N i , i = 1, . . . , 10,000. Then the mean of (1/10,000) i Var(N i ) was computed and the root of it forms column 2 in Table 9 . The third column was constructed by simply computing the empirical variance ofN i , i = 1, . . . , 10,000. We see that the approximation is good (and always conservative) for larger values of N and reasonable for smaller values of N . Finally, we would like to mention the bootstrap as an alternative to the approximate standard errors given above. The bootstrap is straightforward to implement here: first obtainN from the original data; then resample (simulate) f * 0 , f * 1 , . . . based on the fittedp 0 ,p 1 , . . .; then delete f * 0 and calculate a newN * from the new sample. Replicate this procedure B times (say) and from the resultingN * 's calculate a standard error forN , percentile-based confidence intervals, and so forth.
A.3. Dependence of estimators on the truncation point. Table 10 shows the dependence ofN vs. that ofN CB on the truncation point for the first four data sets considered here. The behavior ofN is notably more stable thanN CB in this regard, except perhaps for the butterfly data. The negative binomial MLE and the coverage-based nonparametric estimators also display considerable instability with respect to m, except in the case of the butterfly data (results not shown). The only other procedure we know of that is relatively robust with respect to m is the parametric estimator based Table 9 Estimated [using (2.3)] and true standard error for WLRM estimatorN ; N = 100 and N = 1000, k = 1, 2, 4, 6, 10, µ = 1; results are based on 10,000 replications 
